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Abstract

For long bunches,trailing edgemulti-pactingcausesthe
electronclouddensityatthetrailing edgeof thebunchto be
significantlylarger thantheclouddensityduring theearly
andcentralportionsof thebunch. Theeffective wakefield
is modeledandcomparedwith handestimates.Instabilty
simulations,which include the effect of nonlinearspace
charge,aredescribed.

INTRODUCTION

Fastelectroncloud instabilitieshave beenobvserved in
the Los AlamosPSR[1, 2, 3, 4, 5, 6] andmay be prob-
lematicfor theOakRidgeSNS[5, 6]. For both thesema-
chinesthe transverseelectronoscillation period is much
lessthanthe bunchlength. The electronmotion is nearly
adiabaticandtheelectrondensitycanstronglyincreaseas
the tail of the bunchpasses.This is illustratedin Fig. 1,
whichshowsCSEC[6] simulationresultsfor thePSR.The
secondaryemissionparametersof the stainlesssteelwall
agreewell with themodelin [7]. It is likely thatsignificant
wall conditioningwould be neededbeforethe PSRcould
reacha bunchintensityof ����� , but the authorknows of
no detaileddataundersuchconditionsandit seemedmore
reasonableto adopta well definedstate. In any case,the
purposeof the presentpaperis to describecomputational
techniques.
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Figure1: CSECsimulationsfor a high intensityPSRwith
anunscrubbedstainlesssteelbeampipe.�
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ELECTRON CLOUD WAKEFIELDS

Considera protonbunchwith line density 	�
 andradius� 
 , interactingwith anelectroncloudwith line density 
�	��
andradius � � . Assumeboth cloudshave uniform density
andarecenteredhorizontallywith ����� . Let ��� and � 

betheverticaloffsetsof theelectronandprotoncentroids,
respectively. Then,thenetforceperunit lengthon thepro-
tonsis � 
 � 	 
 	���������! #"�$�% �'&
�( �'&�*) % � � 
+�,
 ) ( (1)� 	'
�	 ��- .������� � &
 % � � 
+�,
 ) ( (2)� 
 � � ( (3)

where 
�	 ��- . is the line chargedensityof electronswithin
thebeamand

� � is thenetforceperunit lengthontheelec-
trons.

Theelectronshavesmall longitudinalvelocities,socon-
siderasinglelongitudinalslice.Definethetimedependent
electronbouncefrequency/0&� %21 ) � 3 	�
 %41 )����� �*5 � �'&
 (
where 6 
 %21 ) �87:9*	 
 %21 ) is theinstantaneousprotoncurrent
throughtheslice. Theequationof motion for theelectron
centroidis ; & �<�; 1 & � /0&� %41 )>= �,
 %21 ) 
+� �@?BA (4)

The averageelectricfield on the protonsdue to the elec-
tronsis C � %21 ) � � 
�DE	'
F� 	���- . %21 )������� � &
 % � � 
G�,
 ) A (5)

Equation(5) will be referredto asthe “full” modelof the
electronforce. The “central” model of the force corre-
spondsto replacing	���- . %21 ) with thethevalueof 	H��- . in the
centerof the bunch. The centralmodelneglectsthe flash
on thetail.

Thereareseveralapproximationsinvolvedin thederiva-
tion of equation(5) andit is prudentto checkits accuracy.
Toward this endCSECwasmodifiedto allow for a nearly
cylindrically symmetricelectroncloud(NCSEC).Thepro-
ton beamwastakento beround,but with a timedependent
verticaloffset, �,
 %21 ) . Within theroundbeampipeof radiusI

theelectricfield dueto theprotonsisJ 
 %21 ) � 	�
 %41 )����� � KML � % � ( �N
G��
 ) 
 % �O� &
 ( �<� &
 
 I & ��
 )� & � &
QP % �'� 
 
 I ) &�R A
(6)



The codeallows for uniform protondensityprofileswithL � % � ( � ) � % � ( � ) D  S"T$U% � &
�( � & P � & ) , andsmoothproton
profileswith

L � % � ( � ) � % � ( � ) D % � &
 P � & P � & ) .
It is assumedthat � 
 is smallenoughsothattheelectron

densitycanbeapproximatedat eachtimestepasV � % � ( � ) � V � %2W ( 1 ) P VYX %4W ( 1 )�Z*[�\ %2] ) ( (7)

where
W & ��� & P � & and

] �^� for aparticleonthepositive� axis. The particleswerebinnedonto a radial grid with_a` � �E� meshpoints.Definethetrianglefunctionb % � ) �dcfe 
�g �hg ( g �ig�j e� ( elk g �hg A (8)

Thefirst stepwasto loop over the m electronmacroparti-
cles interpolatingonto the radial grid. This producedthe
arrays n � % 5 ) �poqrts �Uu r b % 5 
 _ W r D I )
and n X % 5 ) �poqrts �Hu r � r b % 5 
 _ W r D I ) (
where u r is the charge per unit lengthof the v th electron
macroparticle.Theforcedueto

n � % 5 ) is thesameasfor
CSEC.For

n X % 5 ) thepotentialdueto theelectronsisgiven
by w � % � ( � ) � qBx n X % 5 )����� �zy � #"�$!%2W & ( W &x ) 
 �I &O{ (9)

where
W x � 5 I D _ . The wake forceon the protonswas

obtainedby averaging 
�| w � � J � % � ( � ) over a disk of
radius � 
 . NCSECresultsfor a uniform densitybeamare
shown in Figures2 through4. Correspondingfiguresfor a
smoothdistributionareshown in figures5 through7.
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Figure2: protonandelectronline densitywithin auniform
beamfor 9 turnsof PSR.Theprotonbeamhada2cmradius
anduniform transversedensity.
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Figure3: NCSECsimulationsfor PSR.Theprotonbunch
wasoffset by 2mm for 0.5nsstartingat 200ns. Valuesof	'
~� ; 3�� 
 and 	 ��- . � ; 3�� � for 9 turnsareshown. Also
shown aretheaveragetransversefield from thesimulations
andthetwo analyticmodels.
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Figure4: NCSECsimulationsfor PSR.Theprotonbunch
wasoffsetby 2mmfor 0.5nsstartingat 240ns.

First considerthe uniform tranverseprofile. The den-
sitiesfor 9 consectutive turnsareoverplottedin Figure2.
Thisgivesanindicationof thestatisticalaccuracy. Figure3
showstheline densitiesaswell asthesimulatedwakefields
and the two models. The electronoscillationwasstarted
by offsettingtheprotonbeamby 2mmfor 0.5nanoseconds
startingat200ns.Thesimulationresultslie somewherebe-
tweenthe full andcentralmodels.Figure4 shows results
whentheoffsetbeginsat 240ns.

Next considerFigures5 through7. The valueof � 
 �e A � Z  waschosensothatthepotentialdifferencebetween
thecenterof thepipeandthepipewall werethesamefor
the two cases. The electrondensitiesshown in figure 5
arecloseto thosein Figure2, but thewakefieldsarequite
different.Figure6 showsonly thecentralmodelsinceeven
it overestimatesthewakefield. Both themodelsareshown
in Figure7 but thecentralmodelis no worsethanthe full
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Figure5: protonandelectronline densitywithin thebeam
for 9 turns of PSR.The transverseproton beamdensity
scaledas
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Figure 6: NCSECsimulationsfor PSRcorrespondingto
Figure5. The protonbunchwasoffsetby 2mm for 0.5ns
startingat 200ns. The averagetransversefield from the
simulationsandthecentralanalyticmodelareshown.

model.In theactualPSRthebeamhasasmoothtransverse
profilesoFigures5 through7 show theappropriateregime.

Thesimulationsshown in Figures2 through7 tookabout
10 minutesper turn for a singleelectroncloud slice. For
aninstability simulationoneneedsto applyelectroncloud
kicks about 10 times per betatronperiod to accurately
model the detuningwith betatronamplitude,andat least
100periodsneedto bemodeledto seethe instability. It is
notclearwhetherthenoiselevelsin Figures4 and7 aresuf-
ficently low to remove spuriousgrowth. With thesethings
in mindtheauthorchoseto adoptasimplewakefieldmodel
for instability simulations.Thecentralmodelappearsto fit
thePSRbest,andthismodelwill beusedfor therestof the
note.

The timelike variable for the protonsis azimuth
] �� DT� , where � is the longitudinalSerret-Frenetcoordinate

and � is the averageradiusof the accelerator. The time-
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Figure 7: NCSECsimulationsfor PSRcorrespondingto
Figure5. The protonbunchwasoffsetby 2mm for 0.5ns
startingat 240ns. The averagetransversefield from the
simulationsandthetwo analyticmodelsareshown.

like coordinatefor theelectronsis time asmeasuredin the
lab frame

1
. The electroncloud will be approximatedby

slices, and the
]

coordinatesof the slicesare uniformly
spacedaroundthe ring. The lattice functionsfor the pro-
tonbeam,andhencethebeamstransversedimensions,vary
with azimuth.Many sliceswould berequiredto faithfully
model the variation in electronbouncefrequency due to
thebeamsizevariations.Instead,a dampingfactorwill be
introducedinto theelectronequationof motion.; & � �; 1 & � /0&� %21 )*= � 
 %41 ) 
G�<� ? 
 / � %21 )� � ; � �; 1 A (10)

For thePSRandSNSonefinds
� ���^� .

SPACE CHARGE AND OTHER
DYNAMICAL CONCERNS

With equation(10) andassuminguniform focusingthe
verticalequationof motionfor theprotonsis; & �,
; ] & ��
 � &� �,
 P � &
 % � � 
+�,
 ) P �i�M� - � % � ( � ( ] ( 1 ) ( (11)

where
� �

is the vertical tune(chromaticityis easyto in-
clude), � &
 � 3 	 ��- .����� � /0&�,� 5 
 �'&

measuresthestrengthof theelectroncloud,and

� �M� - � is the
verticalcomponentof thespacechargeforce.For horizon-
tal motion thetermproportionalto

� &
 is absent.Previous
work [6, 8] assumedthatthespacechargeforcewaslinear
in the transverseoffset. ThePSRhasa smoothtransverse
profile so somevariation in spacecharge tune shift with
betatronamplitudeis present. Oneoption is to do a full
solutionof the two dimensionalPoissonequation[9, 10]



with many longitudinal slicesalong the bunch. This ap-
pearsto be computationallydifficult andthe authoris not
awareof any, published,bunchedbeamsimulationsusing
this approach.A simplermodelwill beadopted.

Let theparticlescrossthereferenceazimuthwith offsets� r and � r at times
1 r . Thedirectspacechargekick at co-

ordinates� ( � ( 1 is approximatedas���M� % � ( � ( 1 ) � %4�'� ( � � ) qBx�� % ��
G� x ( ��
�� x ( 1 
 1 x ) (
(12)

wherethetwo particleGreen’s functionis� % � ( � ( 1 ) �8� %41 )�Z>[<\ % v�� )�Z*[�\ % v'� ) DEv & A (13)

The parameterv controls the nonlinearity of the space
charge force and � %21 ) controls the size and longitudinal
smoothinglengthof thespacechargeforce.Thefirst stepin
thealgorithmis to generateauniformmeshin

1
. Themesh

spacing,� 1 , is aroundtentimessmallerthanthesmoothing
appliedlater. Next generatethefour arrays� ��� % � ) � q�x Z*[�\ % v'� x )�Z*[�\ % v'� x ) b % � 
 1 x DT� 1 ) (� ��� % � ) � q x Z*[�\ % v'� x )Y\�� � % v�� x ) b % � 
 1 x DE� 1 ) (� �M� % � ) � qBx \@� � % v'� x )�Z>[<\ % v�� x ) b % � 
 1 x DE� 1 ) (� ��� % � ) � q�x \@� � % v'� x )�\�� � % v'� x ) b % � 
 1 x DE� 1 ) A
Eachof thesearraysis smoothedusingtwo applicationsof
a convolution with ¡ $�¢:% 
�£Ug 1 g D,¤ � ) , where ¤ � is the equiv-
alent lengthof the final smoothingfunction. This is done
usingan algorithm whoseoperationcountscaleslinearly
with thenumberof meshpoints.Finally, thesumrulesfor
sinusoidsis usedto apply the force in an algorithm that
scaleslinearly with the numberof macroparticles. The
transversesingle particle dynamicsis handledusing ma-
tricies wherethe phaseadvancecan be a function of the
betatronamplitude(octupolardetuning)and the momen-
tum offset (chromaticity). The longitudinalmotion is up-
datedusinga linearizedRF force. NonlinearRF hasbeen
includedbut no runs producedany qualitative effects for
thePSRparameterregime.

To obtaintheinitial coordinatesonedefinesa longitudi-
naldimensionml¥ . Next createthesetof orderpairsof half
integers¦ % 5 P e D � ( � P e D � )¨§ % 5 P e D � ) & P % � P e D � ) & k m &¥�© A
This is auniformly spacedsetof latticepointson theplane
which lie within a circle of radius m ¥ . An orderingis im-
posed(actuallyassignedduring creation)andthe normal-
izedcoordinatesª«� % 5 P e D � ( � P e D � ) DtmF¥ aregenerated.
A smoothlongitudinalprofile is obtainedby themapping% ¤ (!¬¤�D / � ) �^¤�­ ª� g ª0g�® e 
 % e 
�g ª0g & ) X�¯*°²±�³�X�´ ( (14)

sothattheline densityis proportionalto% e 
+£ 1 & D,¤ &­ ) ±�³�X@¯ & A
While this assignmentlimits thepossiblelongitudinalpro-
files, is greatlysuppressesstartupfluctuations.

To generatetransverse coordinatesstart by finding
four uniform deviates within the unit 4-sphere, ª �%2W X ( W &�( W�µ ( W � ) . Normalizedbetatroncoordinatesare ob-
tainedusing (14) with �¶� �

and ¤�­ replaceby
� � 
 . In

termsof thetwo transverseactions· � and · � , with �Sj8· � ,�Sj¸· � , and · � P · � j e ; theVlasov densityis� % · � ( · � )º¹ e 
 % e 
»· � 
¼· � ) µ· � P · � % e 
»· � 
¼· � ) &� � % e 
¼· � 
¼· � ) µ A
The two dimensionalcharge densityis smoothand fairly
well approximatedby

% � &
 
½� & 
¾� & ) � , with � & P � & j � &
 .
PRELIMINARY RESULTS
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Figure8: Normalizedtunedistributionsfrom the simula-
tionsandfor a roundGaussianbeam.TheGaussianresults
wereobtainedusingfirst orderpertubationtheorywith the
integralscomputednumerically.

Figure8 shownsthenormalizedspacechargetuneshift
distribution with v � 
¾� � A £ for a rectangularbunch

% �À�
 e D � ) , andcomparesit with theresultsfor a roundGaus-
sianbeamwith theexactCoulombforce. Whenviewedin
this way the distributionsare fairly similar and the valuev½� � A £'D � 
 will beadopted.Figure9 shows a scatterplot
of vertical tuneversuslongitudinal position for the PSR.
The peaktuneshift is somewhat larger thanhasbeenre-
portedpreviously [11], but is not absurd.Figure10 shows
a scatterplot of the vertical positionalong the bunchfor
thePSRjust beyondthreshold,after1000turns.Figure11
shows theevolutionof thecoherentactionfor thesamepa-
rameters.Also shown aresimulationsusing linear space
charge with the sameaveragetuneshift, andresultswith
direct spacecharge turnedoff. Spacecharge destabilizes
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Figure10: Scatterplot of vertical versuslongitudinalpo-
sition for a PSRbeamjust beyond thresholdcurrentand
evolvedover1000turns.

the beamandnonlinearspacecharge is lessdestabilizing
thanlinearspacecharge.

Simulationsfor various parametersare shown in Fig-
ure12. Noticethatthattheredtracecorrespondsto ��Ã e � X µ
protonsandthepink traceto Ä Ã e � X µ protonsfor thesame
bunchlength. Theelectrondensityis only

� �'Å higherfor
the casewith �¾Ã e � X µ . Clearly, the valueof the electron
densityis critical for estimatingthe threshold. Figure13
shows the correspondingsituationfor half the numberof
protonsand half the RF voltage with the sameelectron
densities. Notice that Figure 13 shows half the turns of
Figure12. Halving thenumberof protonsandtheRFvolt-
agewhile keepingthenumberof electronsconstant,desta-
bilizes the beam. Figure14 shows thresholddatafor the
PSR.Unlessthereis a seriouserror in thesimulations,the
linearscalingof thresholdvoltagewith beamintensityis a
coincidence.Thatis to say, theelectronclouddensitymust
vary appropriatelywith intensityto obtaina linearscaling.
Theweakdependenceon bunchlengthalsoappearsto de-
pendon thedetailsof theelectroncloud.
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CONCLUSIONS

The effect of the electronburst from single passmul-
tipacting on the electroncloud wakefield hasbeenstud-
ied. For beamswith auniformtransversedensitytheactual
wakefieldwasbetweenthepredictionsof two simplemod-
els.For beamswith asmoothtransversedensitythecentral
model,whichassumedaconstantelectronlinedensity, pro-
ducedthebestapproximation.ThePSRcorrespondsto the
secondcase.A simplesimulationtechniqueto includethe
dependenceof spacecharge tuneshift on betatronampli-
tudewasintroduced.Thefreeparameterv waschosenso
that the tunedistribution for the modelagreedfairly well
with the tunedistribution for a roundGaussianbeam. In-
stability simulationsfor PSRshowed that nonlinearspace
chargewaslessdestabilizingthanlinearspacecharge.Ne-
glecting spacecharge entirely producedthe most stable
simulations.
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